Previous formulations for the zonally averaged momentum budget and Eliassen-Palm (EP) flux diagnostics do not adequately account for moist dynamics, since air parcels are not differentiated by their moisture content when averages are taken. The difficulty in formulating the momentum budget in moist coordinates lies in the fact that they are generally not invertible with height. Here, a conditional-averaging approach is used to derive a weak formulation of the momentum budget and EP flux in terms of a general vertical coordinate that is not assumed to be invertible. The generalized equation reduces to the typical massweighted zonal-mean momentum equation for invertible vertical coordinates.
Introduction
High-energy air parcels rise in the tropics and flow poleward along the upper branch of the meridional overturning circulation. From the conservation of axial angular momentum, these air parcels would eventually attain unrealistically high zonal velocities in the midlatitudes if it were not for the downward momentum transport induced by the form drag associated with baroclinic eddies. The transformed Eulerian-mean (TEM) equations, derived by Andrews and McIntyre (1976) , successfully capture these interactions between eddies and the mean flow. In this framework, the mean meridional circulation is represented by the residual circulation, which consists of a single thermally direct cell in each hemisphere. It approximates the Lagrangianmean circulation and is predominantly eddy driven in the midlatitudes. The Coriolis torque on the residual circulation acts to accelerate the zonal wind in the upper troposphere. In steady state, it is balanced by the Eliassen-Palm (EP) flux divergence, which represents the form drag due to the eddies (e.g., Andrews et al. 1987; Vallis 2006) .
The EP flux has become a standard diagnostic tool for studying wave-mean flow interactions (Edmon et al. 1980) . Andrews and McIntyre (1976) generalize the original EP relation (Eliassen and Palm 1961) , showing that the EP flux divergence vanishes when the waves are assumed to be steady, conservative, and of small amplitude. Under such conditions, it follows from the TEM equations that the waves cannot induce changes in the mean flow-a statement of the nonacceleration theorem (Charney and Drazin 1961) -and thus a divergent EP flux provides a measure of how wave transience and dissipation affect the zonal-mean circulation. The nonacceleration result can be arrived at more readily if quasigeostrophic scaling is imposed (Edmon et al. 1980) . In this case, the total eddy forcing of the mean state is accounted for by the EP flux divergence, which acts as a zonal forcing. The generalized Lagrangian-mean formulation in Andrews and McIntyre (1978a,b) generalizes the nonacceleration theorem to finite-amplitude waves, but is difficult to use in practice as it involves particle displacements. More recently, Nakamura and Zhu (2010) extended the nonacceleration result to finite amplitude in pressure coordinates by using a hybrid Eulerian-Lagrangian approach.
Following the works of Andrews and McIntyre (1976) and Edmon et al. (1980) , subsequent studies utilized isentropic averaging (i.e., averaging on surfaces of constant potential temperature u) to make further advances to the TEM description of the large-scale circulation. On the one hand, isentropic averaging was pursued to generalize the EP flux diagnostic to finite-amplitude waves and nongeostrophic flows in an Eulerian framework. Andrews (1983) derived a finite-amplitude nondivergent EP flux from the isentropic primitive equations, assuming nonacceleration conditions a priori. Tung (1986) relaxed the assumption of nonacceleration conditions and used mass-weighted averages to derive an isentropic EP flux that includes diabatic effects. Iwasaki (1989) formulated a similar finite-amplitude nongeostrophic EP flux using isentropic zonal-mean pressure as the vertical coordinate instead.
Meanwhile, isentropic averaging was applied to study the mean meridional circulation (e.g., Dutton 1976; Townsend and Johnson 1985; Johnson 1989) . In isentropic coordinates, poleward fluxes of warm air are separated from equatorward fluxes of cool air, and so a single-celled circulation emerges naturally when the mass flux is averaged on isentropes. The isentropic circulation is qualitatively similar to the TEM residual circulation, and the two can be shown to be equivalent to leading order in wave amplitude (McIntosh and McDougall 1996; Pauluis et al. 2011) . Moreover, the isentropic circulation offers several advantages over the TEM circulation: (i) no small wave amplitude or quasigeostrophic scaling assumptions are made; (ii) the streamlines of isentropic circulation close at the lower boundary, while those of the TEM circulation do not (Held and Schneider 1999; Tanaka et al. 2004; Laliberté et al. 2013) ; and (iii) the vertical motion in the isentropic streamfunction directly reflects diabatic heating.
The isentropic EP flux and circulation are dynamically tied through zonal momentum balance, as is the case with the TEM EP flux and residual circulation. The isentropic EP flux divergence is related to the eddy flux of Ertel potential vorticity (PV; Tung 1986 ). Since eddies tend to mix PV downgradient (equatorward) along isentropic layers that do not intersect the surface (e.g., Yang et al. 1990) , it can be shown (Held and Schneider 1999 ) that eddies drive a thermally direct isentropic circulation. In the steady-state momentum equation, the EP flux divergence balances the Coriolis force on the isentropic circulation. The isentropic formalism gives the EP flux a clear physical relationship to form drag, which is expressed in terms of correlations between isentropic pressure anomalies and the isentropic slope (Andrews 1983; Juckes et al. 1994) .
The aforementioned studies outline some of the significant theoretical advances in our understanding of the momentum cycle, wave-mean flow interactions, and the general circulation. These momentum budget analyses have been limited, however, to dry dynamics with a single exception (Stone and Salustri 1984) . Air parcels with the same value of potential temperature but differing moisture contents are not distinguished when averages are taken. Recently, Pauluis et al. (2008, hereafter PCK08) and Pauluis et al. (2010, hereafter PCK10) compared the dry and moist isentropic streamfunctions, where the latter is computed by averaging the meridional mass transport on surfaces of constant equivalent potential temperature u e rather than potential temperature.
1 Like the dry isentropic circulation, the moist isentropic streamfunction consists of a single direct cell in each hemisphere, but in the midlatitudes, the total mass transport of the moist isentropic circulation is about twice as large as that of the dry isentropic circulation. The additional mass flux on moist isentropes arises from a low-level flow of warm, moist air that is advected poleward by both midlatitude baroclinic eddies and subtropical stationary eddies (Pauluis et al. 2011; Shaw and Pauluis 2012) . Air parcels within this moist branch of the circulation rise within the storm tracks, precipitate, and enter the upper branch of the circulation, where they cool radiatively and eventually subside into the low-level return flow of the circulation. The dry isentropic diagnostic fails to clearly differentiate the low-level poleward moist branch from the equatorward return flow, since the two branches consist of air masses with similar values of potential temperature. This leads to partial cancellation in the mass transport when averaged on potential temperature surfaces. In contrast, the moist branch has a similar value of equivalent potential temperature as the upper branch of the circulation, which allows for its clear separation from the low-level return flow when using the moist isentropic diagnostic.
The additional eddy mass flux associated with the moist branch has significant implications for the zonal momentum cycle. The enhanced mass flux on moist isentropes implies a stronger Coriolis torque on the zonal flow than that previously indicated by dry diagnostics. For momentum balance, the form drag and EP flux on moist isentropes must increase as well. However, there are currently no available formulations of the momentum budget on moist isentropes. A major challenge with moist isentropes is that, unlike potential temperature, equivalent potential temperature is not invertible with height, especially at low latitudes (Xu and Emanuel 1989) . This prevents the primitive equations from being transformed onto moist isentropes via a simple change of variables, and so zonal averages at constant equivalent potential temperature cannot be taken in the usual way. Stone and Salustri (1984) modify the quasigeostrophic TEM residual circulation and EP flux to account for the eddy transport of both sensible and latent heat, but they assume a moist static stability that is vertically stratified and latitudinally independent. Their formulation is also constrained by the same assumptions that go into the TEM equations, and so the accuracy of their method near the surface is not reliable. Their results do, however, show that when large-scale condensation is accounted for, there is a dramatic increase in the EP flux and residual circulation in the subtropics and midlatitudes, as compared to the original TEM description.
The goal of this work is twofold. First, we generalize the isentropic EP flux diagnostics (Andrews 1983; Tung 1986; Iwasaki 1989 ) to allow for a general vertical coordinate h that may be noninvertible. The generalized framework is discussed in section 2 and involves conditionally averaging the primitive equations based on the value of h in the zonal-height plane. It is consistent with the conventional mass-weighted zonal-mean equations that are obtained when the vertical coordinate is invertible. Second, we apply this new method in section 3 to evaluate the momentum budget on dry and moist isentropes using the Modern-Era Retrospective Analysis for Research and Applications (MERRA) reanalysis from 1979 to 2012. The moist isentropic EP flux is shown to have a much larger magnitude and greater subtropical extent than the dry isentropic EP flux. These differences are explained by analyzing the zonal structure of synoptic eddies in section 4. In section 5, we discuss the decomposition of the EP flux into orographic and atmospheric form drags, which leads to a more familiar expression for the EP flux. Conclusions are given in section 6.
Weak formulation of the zonally averaged primitive equations in generalized vertical coordinates
In this section, we formulate the zonally averaged mass-weighted primitive equations on constant-h surfaces, where h is a general vertical coordinate that is not assumed to be invertible with height. We derive a generalized EP flux and EP theorem and give a clear physical interpretation of the EP flux and its relationship to form drag. These results are analogous to those derived in Andrews (1983) and Tung (1986) in u coordinates but have been generalized to hold on arbitrary h surfaces. Deriving these results requires the use of distributions, since traditional zonal averaging cannot be applied along noninvertible h surfaces. For clarity, we begin with the primitive equations in Cartesian coordinates (x, y, z), but one could also derive the results from spherical-pressure coordinates (appendix B):
The above equations are the continuity equation, zonal momentum equation, hydrostatic relationship, and general evolution equations for h and a tracer C, respectively. The meridional momentum and temperature equations are not explicitly written out, but they can be considered as special cases of the tracer equation. The velocity vector is denoted by v 5 (u, y, w) and D denotes frictional drag. The notation is otherwise standard. The domain is assumed to be a periodic, zonal channel (x, y) , ') that is bounded between two fixed latitudes y 1 and y 2 . The surface height is denoted by z sfc . The velocity normal to the surface and along the latitudinal boundaries is taken to be zero. We will use the symbol D to refer to the domain [0, L] 3 [z sfc , ') within the x-z plane at fixed latitude. If X is a subset of the domain, then ›(X) will denote the boundary of the set X.
a. Weak formulation of the mass-weighted zonal average
When h is invertible with height, the primitive equations can be transformed from (x, y, z) to (x, y, h) coordinates. Zonal averages (denoted by a bar) can be taken in the usual way at constant value of h:
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When h is not invertible with height, this expression for the zonal mean breaks down since f becomes multivalued at a given value of h. To work around this, we use a conditional averaging approach similar to that used in Pauluis and Mrowiec (2013) for studying the upward mass transport in moist convection and also to that in PCK10 for computing the meridional mass transport on dry and moist isentropes. 2 Here, we consider the distribution of f over h at each latitude y and time t, where the distribution is computed, in principle, by integrating f in the x-z plane over those regions in which h takes on a designated value h 0 :
The Dirac delta function d(x) is given by the derivative of the Heaviside function H(x) so (3) can be rewritten as
Hence, h f i involves integrating f over the x-z plane in the regions in which h is within Dh of h 0 in the limit as Dh goes to zero. In practice, a small but finite Dh is used to approximate h f i. We will refer to h f i as the delta distribution of f on h, or simply the delta distribution of f, when h is understood from context. The units of h f i are the units of f multiplied by meters per units of h.
We also define the following Heaviside distribution hÁi H :
The delta distribution is given by the derivative of the Heaviside distribution with respect to h 0 : hf i 5 › h 0 hf i H . Although the delta distribution (3) defines a generalized average on noninvertible h surfaces, hfi is not generally equal to f even for invertible h. Instead, it can be shown that for invertible h,
The derivation is given in appendix A. The factor j›z/›hj is the Jacobian of transformation that relates the volume element in (x, y, z) space to that in (x, y, h) space (i.e., dx dy dz 5 j›z/›hj dx dy dh). Hence, when f is chosen to be a quantity per unit volume, then the delta distribution of f is equal to the zonal mean of f on constant h surfaces.
In particular, mass-weighted zonal averages of f are preserved by the delta distribution:
where r h 5 rj›z/›hj is the density in (x, y, h) coordinates. For (6) to hold on h surfaces that intersect the ground, we must assume that f 5 0 below ground. This falls out naturally for mass-weighted averages (7) if we adopt the common convention of setting the density to zero below ground (Lorenz 1955) . With this convention, mass-weighted averages contain no contribution from the portions along the isentropes that are below ground. While such underground conventions are necessary when taking zonal means in (x, y, h) coordinates, the formulation for the delta distribution (3) only involves integrating above the surface so that underground conventions are not needed. For invertible h, the conventional mass-weighted zonal mean of f will be denoted bỹ
For general, possibly noninvertible, h we define a weak formulation of the mass-weighted zonal average of f on h surfaces as follows:
Let f *(x, y, z, t) 5 f (x, y, z, t) 2f [y, h(x, y, z, t), t] denote the departure of f fromf . From (7), it follows immediately that for invertible h the two definitions (8) and (9) are consistent; that is,f 5f . The weak form of the mass-weighted average allows for the typical manipulations of averages (e.g., b f * 5 0, b f 5f , and b fg 5fĝ 1 d f *g*), while the delta distribution hÁi by itself does not.
b. Weak form of the zonally averaged primitive equations
The weak form of the zonally averaged primitive equations can be derived by first rewriting (1) in flux form (so that mass-weighted averages can be taken) and then taking the delta distribution (3) of the equations. The weak forms of the zonally averaged continuity, zonal momentum, hydrostatic balance, and tracer equation are given as follows:
In deriving these equations, we only need to consider the manipulation of the tracer equation, since the other equations are all just special cases of it [e.g., C 5 1 with _ C 5 0 for the continuity equation and C 5 u with _ C being the rhs of (1b) for the zonal momentum equation]. The derivation of the tracer equation is given in appendix A and is similar to the derivation for the moist isentropic continuity equation given in Pauluis and Mrowiec (2013) . The equations formulated from spherical-pressure coordinates are given in appendix B.
The weak formulation (10) provides the advantage of formulating the zonally averaged momentum and tracer budgets for a noninvertible choice of vertical coordinate. When h is invertible, the weak formulation reduces to the same set of mass-weighted zonally averaged equations that would result when the vertical coordinate is first transformed to h before averaging. For example, when h is chosen to be u, (10) reduces to the mass-weighted zonally averaged isentropic primitive equations (e.g., Gallimore and Johnson 1981) . In this case, mass-weighted averages can be rewritten in terms of the usual mass-weighted average (8); for example, hriŷ 5 r uỹ . The pressure gradient can be written in terms of the gradient of the Montgomery streamfunction h›p/›xi 5 r u g ›c/›x, where c 5 c p T 1 gz.
c. Generalized EP flux and form drag decomposition
The zonal momentum (10b) can be rewritten in terms of a generalized Eliassen-Palm flux vector F, as follows:
where
The momentum flux terms in (10b) were separated into their mean and eddy components. The EP flux vector contains the eddy momentum fluxes and a pressure gradient term, where we have used the fact that h›p/›xi 5 › h 0 h›p/›xi H . The EP flux divergence physically describes the eddy momentum transfer into an infinitesimal h layer lying in the x-z plane. This layer describes the region of fluid lying within Dh of some fixed value, h 0 , and has width Dy in the latitudinal direction. Andrews (1983) and Tung (1986) provide a similar physical interpretation of = Á F for u layers. But unlike u, h is not assumed to be invertible, and so an h 0 contour could consist of disjoint pieces with vertical folds and loops. Figure 1 shows three general cases: (i) loop, (ii) zonal ring, and (iii) surface-intersecting contour, where the h 0 contour is drawn as a thick solid line and the infinitesimal h layer is denoted by the surrounding thin dashed lines. More general setups can be broken up into combinations of cases (i)-(iii).
The first term in the horizontal and vertical components of = Á F are the along-h and across-h components of the eddy momentum flux convergence. Below, we show that the pressure gradient term in the vertical component of = Á F describes the form drag (i.e., the average pressure exerted in the zonal direction on an infinitesimal h layer per unit h) that arises from both topography and the surrounding atmosphere. When the topography is flat (i.e., no zonal asymmetries in the surface height), the only contribution to form drag comes from atmospheric eddies.
A general form of the EP theorem follows from (11): if the atmosphere is frictionless and adiabatic in the sense that _ h vanishes, then a necessary condition for steady flow is that the = Á F must vanish. This can be shown as follows. Under the assumptions stated above, the continuity (10a) implies that › y (hriŷ) 5 0. Furthermore, since y vanishes on the meridional boundaries and hri is nonzero this implies thatŷ 5 0; that is, there is no mean circulation on h surfaces. Then from (11), = Á F must also vanish. The EP theorem stated above holds for finiteamplitude waves and nongeostrophic flows. Its statement is analogous to the versions given in Andrews (1983) and Tung (1986) , but is now generalized for arbitrary h coordinates.
We now give a physical interpretation of the pressure gradient terms, 2h›p/›xi and 2h›p/›xi H , as form drags. Consider the finite atmospheric layer in the x-z plane that is bounded by the h 0 contour and indicated by the stippled region in Fig. 1 (i.e., this layer describes the subset fh , h 0 g). The form drag described by the term 2h›p/›xi H is the average pressure exerted in the zonal direction on the finite layer fh , h 0 g:
where Green's theorem was used in the last step. The increment dz along the boundary contour describes the effective surface area (per unit y) on which the pressure acts zonally. The boundary of the finite layer is illustrated in Fig. 1 by thick lines with arrows indicating the direction of integration. The pressure along the boundary of the layer can be separated into its surface (along g sfc ) and atmospheric (along g atm ) components, as indicated in Fig. 1 :
We then separate the atmospheric component into its mean and eddy parts, so that
wherep(y, h 0 , t) was pulled out of the integral because ›(h , h 0 ) 5 fh 5 h 0 g on g atm . The mean pressurep describes the average pressure along the h 0 contour and p* is the deviation from that mean. The form drag exerted on a finite layer therefore consists of the zonal pressure exerted from the surface (i.e., an orographic form drag) and from the surrounding atmospheric layers. The pressure gradient term, 2h›p/›xi 5 2› h 0 h›p/›xi H , then describes the form drag acting on the infinitesimal layer of air lying between h 0 2 Dh and h 0 1 Dh. This is illustrated in Fig. 1 in which 2h›p/›xi involves the region (between the thin dashed lines) given by the difference between two finite layers, fh , h 0 2 Dhg and fh , h 0 1 Dhg, in the limit as Dh goes to zero (4). When the h 0 contour does not intersect the surface, as in cases (i) and (ii), or when there is flat topography (such that dz along g sfc is zero) the orographic form drag vanishes. From (14), the mean component of the atmospheric form drag is just 2L 21 › h 0 (pDz), where Dz is the height displacement between the endpoints of the h 0 contour. It also vanishes when the layer does not intersect the surface or when there is flat topography, since Dz is zero in these cases. Thus, without topography, the only contribution to form drag comes from atmospheric eddies.
The form drag description of the pressure gradient given here generalizes the discussion in Andrews (1983) and Tung (1986) for isentropic layers to noninvertible h layers. Additionally, our treatment of surface-intersecting contours is handled differently. Tung (1986) does not consider this case, while in Andrews (1983) , surfaceintersecting isentropes are extended ''just under the surface'' by a convention developed in Lorenz (1955) , in which the pressure along underground portions of isentropes is taken to be the pressure at the surface. This convention is mathematically convenient but has no physical basis, and the explanation for the form drag contribution from subterranean isentropes is unclear. Here, underground conventions are avoided altogether and the pressure gradient is only integrated at or above the surface. As a result, the decomposition (14) provides a clear and physically meaningful separation of the form drag into its orographic and atmospheric components. In section 5, we will discuss the form drag terms in (14) in more detail and derive alternative expressions for them, which will give the vertical EP flux its familiar form.
In computing the EP flux (12) in practice, we use p 0 5 p 2 p (i.e., deviation from the zonally averaged mean state) instead of p. This does not affect the pressure gradient since ›p/›x 5 ›p 0 /›x; however, the use of p 0 becomes important in the decomposition (14) for removing large cancellations between the orographic and mean atmospheric form drags that arise from the hydrostatic pressure.
Zonal momentum budget on dry and moist isentropes
In this section, we compute the terms in the zonal momentum budget (11) in both dry and moist isentropic coordinates (i.e., choosing h 5 u and h 5 u e , respectively) using MERRA data from 1979 to 2012 (Rienecker et al. 2011) . The MERRA data are output eight times daily on a 1.258 3 1.258 latitude-longitude grid at 42 pressure levels. Only the lowest 31 pressure levels, which lie between 1000 and 10 hPa, are used, since we only consider isentropes which lie between 240 and 360 K. The tendency terms, _ u and _ u e , are computed diagnostically from the data using finite differences in space and time. Delta distributions (4) are computed using a finite layer width of Dh 5 1.3 K.
We first consider the EP flux divergence and the Coriolis term. In the TEM and dry isentropic frameworks, these terms are well known (e.g., Vallis 2006, section 12.4) to make up the dominant balance in the midlatitude momentum budget (11):
The EP flux divergence is largest in its vertical component, which is mostly due to the downward transfer of momentum by form drag. This implies from (12) that, at least in the dry diagnostics = Á F ' 2h›p/›xi, and so the leading-order relation (15) is essentially geostrophic balance in the isentropic zonal mean. In contrast, the zonally averaged circulation on pressure surfaces does not capture the leading-order geostrophic flow in the midlatitudes because the zonal mean of the meridional geostrophic velocity is zero. Consequently, the isobarically averaged momentum budget only reflects the higher-order balance, which relates the Coriolis force by the ageostrophic flow, the eddy momentum fluxes, and surface friction (e.g., Peixoto and Oort 1992, section 14.5).
The isentropic-mean circulationŷ is important in this discussion and can be visualized by its streamfunction. The dry (moist) isentropic streamfunction represents the meridional mass flux across a given latitude for air parcels with a value of u (u e ) less than u 0 (u e0 ). It is computed as
where h denotes u (u e ) in the dry (moist) case, t is the time period over which the circulation is averaged, r p 5 g 21 is the density in pressure coordinates, and the spherical-pressure coordinate form of hÁi H is given in appendix B. , omitting the zero contour. The black lines denote the median value of zonal-mean surface u and u e , respectively. PCK10 give a detailed analysis of the dry and moist isentropic streamfunctions. Here we list a few important features:
(i) In both the dry and the moist case, the streamfunction consists of a single, direct cell in each hemisphere. (ii) The cells tilt downward with latitude because air parcels cool radiatively as they travel poleward and gain heat from surface fluxes as they return from higher latitudes. This tilt is steeper in the moist case, since u e includes surface evaporation as well as sensible heat fluxes. Additionally, the radiative cooling of u is partially compensated by latent heat release. (iii) The dry circulation has two distinct cores: a tropical Hadley circulation and an eddy-induced midlatitude circulation. Cool, air parcels subside in subtropical latitudes near the edge of the Hadley cell, while in the midlatitudes, air parcels rise in the storm track from the latent heat released in precipitation.
In the moist circulation the cooling occurs at nearly the same rate in the subtropics and midlatitudes. (iv) The streamlines of the return flow tend to lie below the median surface value of u and u e , indicating that the equatorward branch of the circulation consists largely of cold-air outbreaks (Held and Schneider 1999; Laliberté et al. 2013 ).
(v) In the midlatitudes, the total mass transport is around twice as large when averaged on moist, instead of dry, isentropes (PCK08; PCK10). Pauluis et al. show that this difference can be attributed to a low-level flow of moist air that is advected poleward from the subtropics by midlatitude eddies. Figure 3 shows the EP flux vectors (arrows) and divergence (shading) computed on dry (Fig. 3, left) and moist (Fig. 3, right) isentropes for the 1979-2012 annual (Figs. 3a,b) , December-February (DJF) (Figs. 3b,d) , and June-August (JJA) (Figs. 3e,f) means. The color scale for all the panels is the same. The streamfunctions are drawn to show which isentropes correspond to the poleward and equatorward branches of the circulation at a given latitude.
The dry isentropic EP flux qualitatively resembles its quasigeostrophic TEM analog. In the time mean, the midlatitude EP flux has a large vertical component, a characteristic feature of growing baroclinic waves (Edmon et al. 1980) , and exhibits a primarily equatorward tilt in the upper troposphere. The EP flux divergence (convergence) is strongest near the lower boundary (upper troposphere) and indicates the downward transfer of momentum through form drag, which is necessary to maintain the surface westerlies (e.g., Vallis 2006, chapter 12) . These features are present in both hemispheres and for all seasons, but the EP flux and circulation are much more intense in the winter hemisphere than in the summer hemisphere. The main difference between the dry isentropic and TEM formulations of the EP flux lies near the surface, where the TEM version has a streamfunction that does not close and unrealistically large values of the EP flux (Held and Schneider 1999; Tanaka et al. 2004) .
At high-u e (poleward branch) levels, the moist EP flux convergence extends well into the subtropics, to around 208 in both hemispheres and for all seasons. In comparison, the dry EP flux convergence becomes much weaker equatorward of around 408. The moist EP flux also has a significantly stronger convergence maximum at high-u e levels. For the annual mean, the convergence maximum is 1.5 (2.2) times stronger in the Northern (Southern) Hemisphere as compared to the dry case. In the winter, the convergence maximum is around twice as large with a factor of 2.0 (2.2) for the NH DJF (SH JJA). The factors are even greater in the summer, 2.4 (NH JJA) and 2.6 (SH DJF), because the moist EP flux and circulation still have a strong signal in the summer, whereas the dry EP flux and circulation do not.
At low-u e (equatorward branch) levels, the differences between the dry and moist EP flux divergence are similar to those in the EP flux convergence at high-u e levels but are not as distinct. With the exception of the summertime (NH JJA and SH DJF), the moist EP flux divergence extends only slightly farther into the subtropics. Its maximum is greater than the dry case by a factor of 1.1 (1.1) for the Northern (Southern) Hemisphere in the annual mean and by a factor of 1.1 (1.1) in the winter and 1.3 (1.1) in the summer. Stone and Salustri (1984) found qualitatively similar results (i.e., an enhancement and subtropical extension of the EP flux) in the Northern Hemisphere. Their moist EP flux is derived from the quasigeostrophic TEM formulation that has been modified to account for largescale condensation but assumes a vertically stratified moist static stability. They find that the inclusion of condensation effects increases the TEM EP flux convergence and divergence maxima by around 2.5 times in the annual mean. In contrast, the maxima in our results do not increase by such a large factor; we find only a 1.5 (1.1) times increase in the convergence (divergence) maximum for the Northern Hemisphere annual mean. This quantitative difference between their results and ours may arise from the inaccuracy of the TEM formulation, which overestimates the value of the EP flux and residual circulation near the surface (Held and Schneider 1999; Tanaka et al. 2004 ). In their results, both the convergence and divergence maxima occur near the surface (their Fig. 6 ) at latitudes where the residual streamfunction does not close at the surface (their Fig. 8) .
The enhancement and subtropical extension of the EP flux reveals a greater and more extensive momentum exchange between moist isentropes than between dry isentropes. These differences are consistent with the difference in the mass transport, discussed in point (v) above. Dynamically, a larger poleward mass transport on moist isentropes implies a stronger Coriolis torque on the zonal flow. The steady-state balance (15) can only hold if there is also an increase in the eddy momentum transfer between moist isentropes. . The low-level EP flux divergence is oversaturated in the Southern Hemisphere for all seasons. The maximum values attained in (a)-(f) are [6.3, 6.9, 6.9, 7.7, 7.6, 8.5] Figures  4a,b show the annual mean of the Coriolis force on the isentropic-mean circulation f hriŷ for the dry (Fig. 4a) and moist (Fig. 4b) cases. Similarly, Figs. 4c,d show the isentropic-mean pressure gradient h›p/›xi which is the form drag up to a minus sign (section 2). The plots in Notice that the color scale is smaller by a factor of 10, and so in the extratropics, the ageostrophic Coriolis term is around an order Rossby number smaller. The separation between the dominant balance and higher-order terms is greater in the moist case than the dry case.
The other higher-order, steady-state terms in (11) include the momentum flux convergence terms [of which there are four different components: isentropic mean, 2› y (hriûŷ); cross-isentropic mean, 2› h 0 (hriû b _ h); FIG. 4. The 1979 -2012 annual-mean climatology of the leading-order terms in the zonal momentum budget (11) computed on (left) dry and (right) moist isentropes: (a),(b) Coriolis force on the isentropic-mean circulation f hriŷ and (c),(d) isentropic-mean pressure gradient h›p/›xi. (e),(f) The Coriolis force on the ageostrophic circulation, which is given by the difference between (a),(b) and (c),(d), respectively. The color scale for (a)-(d) is 10 times that for (e),(f). Oversaturation tends to occur near the surface and is greatest in (e),(f), with some values reaching around 2-3 times the color scale maximum. The magenta and black lines are as in Fig. 3. isentropic eddy, 2› y (hri d u*y*); and cross-isentropic eddy, 2› h 0 (hri d u* _ h*)], the metric term from spherical coordinates (B4b), and the surface drag, hriD. The isentropic eddy momentum flux convergence shown in Figs. 5a,b has a similar structure as that when computed on isobars. Rossby waves transfer easterly momentum away from the midlatitude jet, which results in momentum convergence in the jet region and divergence on the flanks of the jet (e.g., Vallis 2006, chapter 12) . The wave propagation is strongest in the upper troposphere, where there is little moisture, and so the dry and moist computations are quite similar.
The cross-isentropic eddy momentum flux convergence (Figs. 5c,d ) is noticeably stronger in the subtropics on moist isentropes. There is a vertical dipole structure in each hemisphere, which indicates there is an easterly momentum transfer to higher-u e isentropes near the surface. This low-level eddy momentum flux is not seen in the dry case and may be related to surface evaporation. From Dalton's evaporation law (Peixoto and Oort 1992, section 10.7. 3), the evaporation is proportional to the surface wind speed multiplied by the saturation deficit of the air. Since the mean surface winds are easterly at low latitudes, an easterly wind anomaly would trigger stronger evaporation than a westerly wind anomaly.
The residual (Figs. 5e,f) is computed by isolating hr p iD on the right-hand side of (B4b) and then summing all the terms on the left-hand side of the equation. The residual mainly comprises the surface drag that is needed to balance the Coriolis force on the ageostrophic circulation (Figs. 4e,f) and is positive (negative) in the regions of surface easterlies (westerlies). We do not discuss the mean momentum flux convergence terms nor the metric term here, but their structures follow intuitively from the structure of the isentropic-mean winds. 
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Physical description of EP flux enhancement on moist isentropes
To physically explain why the moist EP flux is stronger and has a greater subtropical extent than the dry EP flux, we now turn to analyzing a case study of synoptic eddies. Figure 6 shows a cyclone-anticyclone pair over the South Atlantic Ocean on 1200 UTC 6 August 2000. Figure 6a shows in shading the geopotential height anomaly at 700 hPa. The centers lie within a latitude band between 308 and 458S and are centered about 158W and 108E, respectively. To the east of the cyclone, warm moist air is being advected poleward (the flow velocity is shown with arrows). The boundary between the warm subtropical and cooler extratropical air masses is roughly delineated by the 300-K u contour (black) and 310-K u e contour (magenta). The warm front appears sharper when u e is used instead of u. This difference reflects the lower-level transport of water vapor by the eddies. Figure 6b shows the relative humidity in which there is a channel-like flow of water vapor, often referred to as an ''atmospheric river'' (Newell et al. 1992) , from the tropics to the warm front. The 310-K u e contour closely follows the sharp front between moist and dry air and protrudes past the 300-K u contour near 108W. Vertical cross sections of the height anomaly and relative humidity are shown in shading at 408S (Figs. 6c,d ) and 308S (Figs. 6e,f) (Figs. 6e,f for 308S ). These contours roughly divide the troposphere into upper-and lower-isentropic layers. At 408S, the poleward advection of warm air is indicated by the dip in both the u and u e contours on the eastern side of the cyclone. The warm front is again sharper (i.e., the contours dip further) when observed using u e instead of u. This is because the poleward flow of warm air from the tropics has a high moisture content, as can be seen by the region of high relative humidity (Fig. 6d) that coincides with the poleward geostrophic winds.
The difference in the zonal structure of dry and moist isentropes associated with typical midlatitude eddies, such as the one shown in Fig. 6 , can explain the larger EP flux observed on moist isentropes. In Fig. 6c , there is a clear bias for poleward geostrophic velocity in the upper-isentropic layer and equatorward velocity in the lower layer, as is expected for a thermally direct eddy-driven circulation. To leading order, the EP flux divergence is proportional to the geostrophic velocity (i.e., = Á F ' 2h›z/›xi } hy g i), since f , 0 in the Southern Hemisphere. Hence, there is EP flux convergence and divergence in the upper and lower layers, respectively. The convergence is stronger in the moist case, since the moist upper layer includes the poleward flows of both the low-level moist air, as well as the upper-level warm air. Physically, the poleward geostrophic wind lies in a region of strong eastward height gradient, which explains the westward acceleration on the upper layer.
Further equatorward at 308S (Figs. 6e,f) , the sharp moisture front is still clearly defined by the 310-K u e contour. Thus, even at subtropical latitudes away from the storm centers, midlatitude eddies can induce a large momentum exchange between moist isentropic layers. In contrast, there is only a weak zonal asymmetry in the temperature structure, as indicated by the nearly horizontal 310-K u contour, which shows that the eddies have little effect on the momentum transfer between dry isentropic layers in the subtropics.
A summary schematic is shown in Fig. 7 . The horizontal (Fig. 7, top) and vertical (Fig. 7, bottom) profiles are shown for a Northern Hemisphere midlatitude eddy system, consisting of three centers-high, low, and high. In the top panel, a contour of constant pressure is shown in green. The geostrophic flow is depicted by the black lines and arrows. The advection of warm and cold air by the cyclone create zonal perturbations in the 300-K contours of u (orange) and u e (magenta). The u e contour is marked by an asymmetry, in which high-u e air penetrates farther poleward than high-u air, while the cold protrusions of low-u and low-u e air are comparable. This is because the poleward branch of the moist circulation includes the contribution from low-level moist air, while the return flow is fairly dry.
In the vertical profile, the 300-K isentrope divides the atmosphere into upper-and lower-isentropic layers. The asymmetry in the u e contour is also observed, in which it dips lower than the u contour in the region of moisture advection. This gives the moist isentropic layers a larger vertical surface area on which pressure acts in the zonal direction (13). The westward phase lag of the isentropes relative to the pressure anomaly creates a net westward pressure force acting on the upper-isentropic layer and an equal and opposite force on the lower-isentropic layer. Hence, the form drag induced by atmospheric eddies acts to decelerate (accelerate) the upperisentropic (lower isentropic) layer.
Formal decomposition of the pressure gradient into form drags
In section 2, we gave a physically motivated decomposition (14) of the pressure gradient term h›p/›xi H into the sum of the orographic form drag and the mean and eddy components of atmospheric form drag on the finite layer fh , h 0 g. We will refer to these components of form drag [i.e., the three terms on the rhs of (14)] as M o , M m , and M e , respectively, so that 2 ›p ›x
Here, we will formally make this decomposition and find alternative expressions for M o , M m , and M e to those given in (14) that are computationally simple and have the familiar forms of the orographic form drag and EP flux. Additionally, we will show that the form drag induced by atmospheric eddies M e is the dominant means by which momentum is transferred between dry and between moist isentropic layers. Using the product rule to incorporate the Heaviside function inside the derivative, the pressure gradient can be decomposed as follows:
The first term in (17) was transformed into the first term in (18) by using Green's theorem, and the second term in (17) was split into the last two terms in (18) by using the mean-eddy decomposition:
The three terms in (18) are equivalent to M o , M m , and M e , respectively, and upon further manipulation can be written as
[z sfc (x 2i21 , y) 2 z sfc (x 2i , y)], and (19b)
The details are given in appendix A. In (19b), the points x 2i21 (x 2i ) represent the left (right) endpoints of the h 0 contour(s) that intersect the surface, where there are n disjoint contours. The orographic form drag, M o , describes the pressure along the surface acting in the zonal direction on the finite layer fh , h 0 g. The orographic form drag on an infinitesimal layer, or h 0 contour, is given by
where the x i denote the x positions of the points of intersection between the surface and h 0 contours in the x-z plane. The factor j›h sfc /›xj 21 arises since the delta function is composed with h 0 2 h sfc which has an x dependence. The pressure on the h 0 contour exerted by topography is determined by the surface pressure at its endpoints and depends on the geometric factors ›z sfc /›x FIG. 7 . A schematic diagram to illustrate the form drag on dry and moist isentropic layers associated with midlatitude eddies. (top) Longitude-latitude and (bottom) longitude-height profiles are shown for a Northern Hemisphere midlatitude eddy system, consisting of three centers: high, low, and high. The 300-K u and u e contours are shown in orange and magenta, respectively. In (top), the streamlines of the flow are depicted by black lines and arrows. A representative pressure contour is shown in green. In (bottom), the pressure anomalies are shown by green contours, with solid (dashed) lines denoting positive (negative) values.
and j›h sfc /›xj 21 . These factors describe the effective surface area for pressure acting in the zonal direction and the thickness of the h 0 contour, respectively. If the topography is flat, then ›z sfc /›x is zero and there is no orographic form drag. The expression (21) is similar to that given in isentropic coordinates (Koh and Plumb 2004) . In height coordinates (h 5 z), the geometric factor is simply 61, since layers of constant height are horizontal (Peixoto and Oort 1992, section 11.1) . From (19b) , it is clear that the mean component of the atmospheric form drag M m can only be nonzero in the presence of topography. But unlike M o , it does not directly involve surface pressure and should not be confused as an orographic form drag. Rather, it arises from the fact that surface-intersecting h 0 contours do not form closed contours and can therefore have a net height displacement between their endpoints. And so, M m describes the mean atmospheric pressurep along the boundary of the finite layer fh , h 0 g acting on the net vertical surface area of the layer that is exposed to the atmosphere.
When topographic effects are small, the form drag arising from atmospheric eddies M e makes up the largest contribution to the total form drag in (16). The vertical component of the EP flux is approximately
With h 5 0, M e describes the correlation between the pressure and isentropic-slope anomalies and has a similar form to the dry isentropic EP flux in Andrews (1983) and Tung (1986) . Isentropic mass-weighted means and the isentropic EP flux do not depend on whether they are computed from height or pressure coordinates, but the individual terms within the form drag decomposition (16) do depend on the choice of coordinate when the isentropes intersect the surface (appendix B). In pressure coordinates (denoted by superscript p), the orographic form drag M e , are formulated in terms of the isentropic mass-weighted mean and eddy heights,ẑ and z*, rather than those for pressure (B8). Figure 8 shows the decomposition of the isentropicmean pressure gradient h›p/›xi into the orographic
e ; Figs. 8e,f) atmospheric form drags on dry (Fig. 8, left) and moist (Fig. 8, right) isentropes. The orographic and mean atmospheric form drags are shown for their DJF mean, while the eddy atmospheric form drag is shown for its annual mean. The eddy form drag is nearly identical to the EP flux divergence shown in Figs. 3a,b. It makes up the dominant contribution to the pressure gradient term and provides the downward transfer of momentum needed for geostrophic balance. In the previous section, we showed how this form drag arises from the zonally asymmetric structure of isentropes induced by atmospheric eddies.
The orographic and mean form drags are of higher order and are mostly localized near the surface. Here we explain their observed features in the NH midlatitudes during DJF. These features are also present, but weaker, in the annual mean. Near the surface around 458N, in both the dry and moist cases, the orographic and mean form drags form a vertical dipole, centered around 280 K, with acceleration below and deceleration above. In contrast, the classic description of orographic form drag on isobars involves a deceleration of the surface flow, similar to friction (Peixoto and Oort 1992, their Fig. 11.12) . This difference can be explained by the temperature structure associated with large-scale mountain ranges. Figure 9 shows the 20 January 2000 daily average of the geopotential height and potential temperature fields. The top panel shows the horizontal distribution of the geopotential height at 500 hPa. There are troughs to the east of the major mountain ranges-Rockies, Alps, and Tibetan Plateau-and ridges to their west. Similar zonal asymmetries appear in the January climatology of the height field (not shown). A simple potential vorticity conservation argument (Holton 2004) shows that westerly wind over mountain ranges tends to form troughs on their leeward side.
The middle and bottom panels of Fig. 9 show the vertical profile of the potential temperature and geopotential height anomaly at 458N, respectively. The three distinct mountain ranges shaded in gray are, from west to east, the Rockies, Alps, and Mongolian plateau. The troughs to the east of the mountain ranges bring about a northerly advection of cold air on the leeward side of the mountains. This can be seen in the temperature profile by the domes of cold air that form just to the east of the mountains. m attain their maxima near 280 K because above this temperature, the isentropes begin to pass over the mountains, while below it the isentropes emanate from the mountains at lower elevations.
Conclusions
The quasigeostrophic TEM equations have become a textbook standard (e.g., Holton 2004; Vallis 2006) for their mathematical simplicity and clear exposition of the effect of eddies on the large-scale circulation. The TEM framework shows how eddies drive a direct meridional circulation in the midlatitudes. The EP flux divergence contains the explicit eddy forcing of the mean flow. Physically, it describes a downward transfer of momentum through form drag and explains how eddies drive the surface westerlies. Isentropic EP flux diagnostics (Andrews 1983; Tung 1986; Andrews et al. 1987; Iwasaki 1989) were developed to extend the original TEM results to finite-amplitude waves and nongeostrophic flows. Despite these advances in our understanding of wave-mean flow interactions, the existing descriptions of the largescale circulation have largely neglected the role of moist processes because of the difficulty in dealing with noninvertible moist coordinates. One exception is the work of Stone and Salustri (1984) , who modify the quasigeostrophic TEM formulation to include the effects of large-scale condensation, but require the choice of a vertically stratified and latitude-independent moist static stability parameter. PCK08 and PCK10 showed that the midlatitude circulation is twice as large when the mass flux is separated by its value of u e instead of u. This implies a much larger Coriolis acceleration on the residual circulation and greater momentum exchange by midlatitude eddies than explained by dry diagnostics.
In this paper, we established the necessary framework for studying the momentum budget on moist isentropes and computed the diagnostic results using MERRA reanalysis data . The issue of noninvertibility is handled by formulating a weak coordinate transformation, which involves conditionally averaging the mass-weighted primitive equations on the value of a general vertical coordinate h in the zonal-height plane. The generalized EP flux describes the eddy momentum transfer into an h layer from both eddy momentum fluxes and form drag. A finiteamplitude nongeostrophic EP theorem holds in which the EP flux divergence vanishes for steady flow in a frictionless and adiabatic ( _ h 5 0) atmosphere. When the vertical coordinate is invertible, the weak formulation reduces to the usual set of mass-weighted zonal-mean equations that could have alternatively been derived by first changing variables and then taking the zonal mean. The formulation does not rely on the use of underground conventions (Lorenz 1955) and isentropes that intersect the surface give rise to form drag terms with clear physical interpretations.
The leading-order balance in the momentum budget, when computed on both dry and moist isentropes, is between the Coriolis force on the geostrophic flow and the EP flux divergence. As compared to the dry EP flux, the moist EP flux is much stronger in the midlatitudes and extends well into the subtropics. Stone and Salustri (1984) found a qualitatively similar increase between the dry and moist TEM EP fluxes, but the increase they found is much larger than the increase found here between the dry and moist isentropic EP fluxes. This quantitative discrepancy likely arises from the inaccuracy of the TEM formulation near the surface, which overestimates the value of the residual streamfunction and EP flux (Held and Schneider 1999; Tanaka et al. 2004) .
The difference between the dry and moist EP fluxes can be traced back to the moist branch of the circulation (PCK08; PCK10), which consists of a low-level poleward flow of moist air that rises in the storm track through latent heat release. The moist branch is associated with an additional momentum exchange and energy transport that is FIG. 9 . The 20 Jan 2000 daily average of (top) geopotential height at 500 hPa over the NH extratropics, (middle) potential temperature at 458N, and (bottom) geopotential height anomaly at 458N. The latitude circle at 458N is delineated in (top) by the dotted horizontal line. In (middle) and (bottom), the 280-K contour is highlighted in blue. The contour intervals are 0.1 km, 5 K, and 50 m in (top), (middle), and (bottom), respectively. not captured on dry isentropes. The low-level moist air flows poleward through regions of strong eastward pressure gradients associated with midlatitude eddies. Its high angular momentum is thereby transferred through form drag to isentropic layers with lower values of u e but comparable values of u. The moist branch is also closely tied to the poleward latent heat transport. It can be shown that the moist isentropic circulation accounts for the total moist static energy transport, whereas the dry isentropic circulation only reflects the total dry static energy transport (Döös and Nilsson 2011; Yamada and Pauluis 2015) . In the midlatitudes, the moist static energy transport is around double the dry static energy transport, and the difference between the two is given by the latent heat transport (Peixoto and Oort 1992; Trenberth and Stepaniak 2003) .
Moist isentropes better partition the poleward and equatorward flows in the midlatitudes but have the drawback of losing height information as a result of their noninvertibility. Despite the increase in the vertical component of the EP flux on moist isentropes, there is no corresponding increase in the horizontal component of the EP flux (Fig. 5) , as one might expect based on baroclinic life cycle studies (e.g., Edmon et al. 1980 ). Since moist isentropic layers can extend from the surface to the upper troposphere, the additional momentum exchange observed between moist isentropic layers may be the result of lateral, rather than downward, momentum exchange.
Another open question for future research is finding a relationship between the moist EP flux presented here and a moist PV. In the dry TEM framework, the EP flux divergence is equal to the quasigeostrophic eddy PV flux (e.g., Edmon et al. 1980 ). This characterizes the eddy forcing of the mean flow in terms of mixing, since PV is materially conserved and the flux is downgradient in the time average. Tung (1986) derived a nongeostrophic relationship between an isentropic EP flux divergence and the eddy flux of Ertel PV. This particular relationship is not formulated in terms of mass-weighted averages and, therefore, does not have a generalization within the framework presented here. Furthermore, formulating a moist PV brings its own challenges. A simple moist generalization of the Ertel PV by replacing u with u e does not carry over the fundamental properties from dry theory; namely, (i) this quantity is not materially conserved even for a moist adiabatic atmosphere and (ii) it does not have an invertibility principle (Schubert et al. 2001) . Czaja and Marshall (2006) , PCK08, and PCK10 first used moist coordinates to study the global meridional mass and energy transports. In this study, moist isentropic averaging was applied to the full momentum budget, which led to the formulation of a moist EP flux. The weak formulation presented here is not limited to the momentum equation, moist isentropes, or to the global circulation. The tracer (10d) allows for other large-scale tracer budgets to be computed in general vertical coordinates. Schneider et al. (2006) studied the hydrological cycle by computing zonal-mean water vapor fields and fluxes on dry isentropes. Likewise, the weak formulation could be used to compute the moisture budget on dry or moist isentropes directly from data output in pressure coordinates. A similar approach to moist isentropic averaging has also found useful application in moist convection (Pauluis and Mrowiec 2013; Mrowiec et al. 2015) and hurricanes (Mrowiec et al. 2016) . viewers for their thoughtful comments on an earlier version of this manuscript. This work was supported by the National Science Foundation under Grant AGS-0944058 and the NYU Abu Dhabi Institute under Grant G1102. The MERRA dataset was provided by NASA's Global Modeling and Assimilation Office.
APPENDIX A
Derivations
a. Equivalence off andf when h is invertible
Here we derive (6), which was used in section 2 to show thatf andf are equivalent for invertible h. Assume h increases monotonically with height from h sfc to ', where h sfc (x, y, t) 5 h[x, y, z sfc (x, y), t]. Then,
We must assume f 5 0 below ground for the third equality to hold [i.e., for those points at which h 0 , h sfc , we have f(x, y, h 0 , t) 5 0, which makes no contribution to the integral].
b. Weak form of zonally averaged tracer equation
Using the continuity (1a), the tracer equation can be written in flux form:
We then take the Heaviside distribution (5) of (A1). This amounts to multiplying (A1) by H(h 0 2 h) to get
and then integrating this expression. The derivatives can be taken outside the integral by moving the Heaviside function inside the derivatives. This can be done by using the product rule and the following identities:
where we have used the fact that the derivative of the Heaviside function is the delta function and (1e) in the first identity. And so (A2) can be written as
Integrating (A3) over the domain D, one immediately obtains › t hrCi H for the first term, › h 0 hr p C _ hi H for the third term, and hr _ Ci H for the rhs. For the integral over the divergence term,
We first make the integration limits constant by bringing H(z 2 z sfc ) inside the integral. The integral is then rewritten using the product rule as the integral over a divergence term minus an integral along the surface. The integral over the x-and z-derivative terms in the divergence are zero from their boundary conditions, and only the y-derivative term remains. The last line is just › y hrCyi H , since the velocity normal to the surface, v sfc Á n, is zero. So the integral of (A3) becomes
from which the tracer (10d) follows by taking the derivative with respect to h 0 . To write the expression in terms of massweighted averages, we use the fact that hrf i 5 hrif .
c. Showing the equivalence of M o , M m , and M e in (19) and (14) Here we want to show that the expressions for M o , M m , and M e given in (19) are equal to the three terms in the pressure gradient decomposition (14), respectively. We do this by showing that (i) the decomposition (18) is equal term by term to the decomposition (14) and (ii) the three terms in (18) are equal to the expressions for M o , M m , and M e given in (19). As for M o , it follows immediately that the first term in (18) is equivalent to the first term in (14), since the contour integral around ›D only consists of the contribution from the bottom boundary because the left and right boundaries cancel by periodicity and pressure decays to zero at infinity. The bottom boundary can be parameterized by x, and so (19a) follows from the first term in (18).
As for M m , we start by using Green's theorem on the second term in (18),
To evaluate this integral, again consider the three general cases for the shape of the h 0 contour: (i) loop, (ii) zonal ring, and (iii) surface-intersecting contour (Fig. 1) . In the case of the loop, h equals h 0 along the boundary contour ›(h , h 0 ) and so (A5) is zero since the contour is closed. In the case of the zonal ring, the line integrals over the leftand right-side boundaries cancel out. The top boundary fh 5 h 0 g is closed by zonal periodicity and evaluates to zero as in the case of the loop. The integral along the surface is independent of h 0 , so (A5) is again zero. The only contribution to M m then comes from surfaceintersecting contours. In this case, the left and right endpoints of the contour, x 1 and x 2 respectively, depend on h 0 . However, the term associated with the change in the endpoints with respect to h 0 appears for both the g atm and g sfc integrals with opposite signs and, therefore, has no contribution to the total contour integral. The integrand along g sfc has no h 0 dependence. Along g atm , h equals h 0 , but since g atm does not form a closed contour (A5) is in general nonzero. Thus, the only contribution to the contour integral arises from the g atm segment and is related to the change in surface height between the endpoints of the h 0 contour. In this case, (A5) becomes L 21 fz sfc [x 1 (h 0 ), y] 2 z sfc [x 2 (h 0 ), y]g, from which the equivalence of M m as given in (14) and (18) follows immediately. In the general case, when there are multiple h 0 contours intersecting the surface, M m is given by (19b) .
Since the first two terms in the decompositions (14) and (18) are equivalent, it follows that their third terms must also be equal. So M e is given by (19c).
APPENDIX B
Weak Formulation of the Primitive Equations in Spherical-Pressure Coordinates
Equations (1) 
where F 5 gz is the geopotential; r p 5 g 21 is the density in pressure coordinates; the components of velocity are u 5 a cosfdl/dt, y 5 adf/dt, and v 5 dp/dt; and the advective derivative is given by
The Heaviside and delta distribution operators are defined as hfi H (f, h 0 , t) 5 1 2p ð 2p 0 ð p sfc (l,f,t) 0 f (l, f, p, t)H(h 0 2 h) dp dl
and
where the surface pressure p sfc depends on time. The units of hfi are the units of f multiplied by pascals per units of h. The mass-weighted average is defined aŝ f 5 hr p f i/hr p i. The weak form of the equations can be derived analogously to the Cartesian case. The equations are summarized as follows: 
where the generalized EP flux vector F is defined as
